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In this paper, the immersed finite element (IFE) coupled with the conservative semi-
Lagrangian (CSL) kinetic scheme is developed for plasma-material interactions. The 
proposed method (IFE-CSL) enjoys respective advantages of the IFE and CSL, i.e., the 
flexibility and efficiency for treating complex boundary conditions, mass conservation and 
being free from the Courant-Friedrichs-Lewy (CFL) condition. In the current IFE-CSL, the 
IFE method based on structured interface-independent meshes is developed for the spatial 
discretization of the field equation, which provides an accurate approach with convenient 
implementations to solve the field problems with irregular interface. The CSL scheme 
combined with an immersed method termed half-way ghost-cell is proposed for the 
spatial discretization of the Vlasov equation, which enables the proposed method to exactly 
conserve mass and conveniently handle curved boundaries. Then the IFE and CSL method 
are coupled via the charge density depending on full kinetic or hybrid kinetic model, 
where the appropriate IFE solver is developed for the linear or nonlinear Poisson equation, 
respectively. In the current IFE-CSL, different geometries can be treated automatically for 
both IFE and CSL through the specific geometric information. As a result, the proposed CSL-
IFE can be conveniently and efficiently applied to simulate the plasma-material interactions 
with structured interface-independent meshes. Finally, several numerical experiments are 
performed to demonstrate the capabilities of the proposed method.

© 2023 Elsevier Inc. All rights reserved.

1. Introduction

Plasma-material interactions attract much attention for their important role in the semiconductor industry, space electric 
propulsion, fusion physics, and so on [1]. In practice, plasma-material interaction problems generally involve objects with 
complex geometries, thus interface problems between the plasma and objects need to be accurately resolved. The kinetic 
model is one of the most appropriate models for plasma simulations due to its universality. Unfortunately, the classical 
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numerical schemes based on unstructured meshes are not popular for plasma kinetic simulations due to the high dimen-
sional property of the kinetic model [2]. In contrast, the Cartesian grids make numerical methods efficient and convenient 
to implement. In this paper, we aim to propose a novel kinetic scheme based on the Cartesian-mesh for plasma-material 
interactions, which consists of three main components: solving the corresponding Poisson equation for electrostatic field, 
the Vlasov equation for plasma dynamic, and the interactions of plasma and objects.

In general, the Poisson equation with discontinuous coefficients across the interface should be utilized to describe the 
electrostatic field problem with complicated interfaces. For the Poisson equation, indeed a vast array of possibilities exists 
in computational electromagnetism. However, the classical Cartesian-mesh methods have poor accuracy around the compli-
cated interfaces. Several efforts have been devoted to develop suitable Cartesian-mesh methods for the problems involving 
irregular interfaces, such as the immersed boundary method (IBM) [3], the level set method (LSM) [4], the immersed finite 
element (IFE) method [5] and so on. Among these methods, we especially focus on the IFE method due to its favorable ac-
curacy, efficiency and flexibility for the plasma kinetic simulations. The IFE method is a finite element method developed to 
solve the interface problems based on Cartesian meshes, which was introduced by Lin et al. [5], where rectangular elements 
are used on a two-dimensional (2-D) domain. The method has been extended to 2-D axisymmetric [6] and 3-D problems 
with tetrahedral elements [7]. In the plasma community, the IFE method coupled with the particle-in-cell (PIC) method 
has been proposed for plasma simulations [8–10], where the IFE method provides an accurate approach with convenient 
implementations to solve interface problems based on structured interface-independent meshes on which the PIC method 
works most efficiently. Recently, the IFE-PIC method for the ion thruster [11,12], hall thruster [13,14], and lunar surface 
environment [15,16] also has been proposed.

For solving the Vlasov equation, there are two popular approaches: particle-based approach and grid-based approach. 
The PIC method is the well-known particle-based method, which is widely applied in plasma simulations for its compu-
tation economy, especially for high dimensional problems [17–21]. However, the PIC method involves inherent numerical 
noise. Alternatively, the grid-based method which directly solves the kinetic equation in phase space [22–29] is attracting 
researchers as the development of the capacity of high-performance computers. We refer to this method as the direct ki-
netic method (DKM). The DKM can be convenient to achieve high order accuracy so that it allows the study of fine-scale 
details, e.g., warm plasma dynamics involving a small perturbation amplitude [30–32] and strong particles collision [33,34]. 
Among DKM schemes, the conservative semi-Lagrangian (CSL) schemes not only can be escaped from the stringent Courant-
Friedrichs-Lewy condition but also exactly conserve the mass of system. This paper adopts a CSL scheme with the positivity 
preserving property [35–37] to solve the Vlasov equation. We refer to [38,39] for more high order CSL schemes. To our best 
knowledge, up to now, none of proposed CSL scheme has been coupled with IFE method for plasma simulations involving 
irregular boundary conditions in plasma community.

In addition to the interface problem on the electrostatic field, a suitable physical boundary scheme should be also spec-
ified in the Vlasov equation to accurately describe the interactions of plasma and objects. The IBM is considered to be a 
promising scheme for flows involving complex interfaces, since the solution of the governing equation and the implementa-
tion of boundary conditions is decoupled [40]. One type of IBM is to distribute the Lagrangian markers along the solid-fluid 
boundary, which might lead to some unphysical phenomena may be induced by the diffuse property [41]. Another type of 
IBM is the sharp interface scheme, e.g., the ghost-cell (GC) method [3], where the information at the solid cell is extrap-
olated from the neighboring fluid cells and interface. Compared with the first-type IBM [41], the second-type IBM is free 
from the body force and preserves the distinguishable interface which contributes to the easy enforcement of the boundary 
conditions. Among various kinds of IBM [2,42,43], we adopt the half-way ghost-cell (HWGC) method [44] for its convenient 
implementation.

In this study, we present a novel noiseless plasma kinetic solver, namely, IFE-CSL for plasma simulations involving com-
plex boundary conditions, which is based on the IFE method and a positivity-preserving (PP) CSL scheme. More specifically, 
the IFE method is proposed to evolute the electrostatic field, which makes the proposed method accurately and efficiently 
resolve the complicated interface problems based on structured interface-independent meshes. The CSL scheme with posi-
tivity preserving property is implemented to evolute the Vlasov equation, which enables the proposed method to preserve 
the favorable conservative property and positivity of the distribution function. Besides, the HWGC method is applied in 
CSL to conveniently describe the plasma dynamic around plasma-material interactions. Then we bridge the IFE method and 
CSL scheme with charge density depending on the full kinetic or hybrid kinetic model, where the appropriate IFE solver is 
developed for the linear or nonlinear Poisson equation, respectively. Finally, we present several numerical experiments to 
demonstrate the performance of the proposed IFE-CSL.

The rest of the paper is organized as follows. The Vlasov-Poisson (VP) system and its normalization are introduced in 
Section 2. In Section 3, the IFE method, the CSL scheme, as well as the appropriate coupling of these two solvers for VP 
system are described in detail. We present the results of numerical studies in Section 4. Finally, a summary is given in 
Section 5.

2. The Vlasov-Poisson system

In this section, we recall the VP system and its normalization. The evolution of particles can be described by the VP 
system,
2
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∂t f s + v s · ∇x f s + qs

ms
E · ∇v s f s = 0, (1)

−�φ = q

ε
(ni − ne), ns =

∫
f sdvs, (2)

where f s = f (x, v, t) is the velocity distribution function for species s (s chooses e for electrons and i plasma ions) moving 
in d-dimensional velocity space with v s = (vs1, · · · , vsd) at position x and time t . Here species charge qs , elementary charge 
q, mass ms , plasma number density ns , permittivity ε are the plasma parameters. Note that the electric field E is obtained 
from the potential φ with E = −∇xφ.

Since both ions and electrons dynamic are described by the Vlasov question, the system Eqs. (1) and (2) are also knows 
as the full kinetic model. However, in some applications, i.e., the solar wind and ion thruster, we mainly focus on the 
ion dynamic. To reduce the computation cost, one can assume the electron follows the Maxwellian distribution. Then the 
number density of electron can be obtained by [45]

ne = n0 exp

(
φ − φ0

kB Te

)
, (3)

where kB is the Boltzmann constant, Te is the electron temperature, n0 is the reference number density, and φ0 is the 
reference potential. With the Boltzmann approximation Eq. (3), the Poisson Eq. (2) can be rewritten as

−�φ = q

ε

[
ni − n0 exp

(
q(φ − φ0)

kB Te

)]
. (4)

Obviously, Eq. (4) is a nonlinear equation, where the iterative method is required. The system Eqs. (1) and (4), where the 
ions dynamic are described by Vlasov question while electrons are described by fluid Boltzmann approximation are called 
the hybrid kinetic model.

It is well known that the Debye length λ and the electron plasma frequency ωp are the characteristic spatial and 
temporal parameters for electrostatic plasma, which are given by

λ =
(

εkB T

q2n

)1/2

, ωp =
(

nq2

εme

)1/2

.

In the present paper, the following dimensionless variables are used to normalize the VP system,

x̄ = x

x0
, T̄ = T

T0
,m̄ = m

m0
, n̄ = n

n0
,

v̄ = v

v0
, t̄ = t

t0
, f̄ = f

f0
, φ̄ = φ

φ0
,

(5)

where x0, T0, m0 and n0 are reference length, temperature, mass and number density, which are independent param-
eters. Besides, we chose the reference velocity v0 = √

2kB T0/m0, potential φ0 = 2kB T0/q and the distribution function 
f0 = n0/v0

d . Once the four parameters x0, T0, m0 and n0 are chosen, the dimensionless VP system will be uniquely deter-
mined.

In the current study, we let T0 = Ti , m0 = mi , n0 = ni unless otherwise stated. The reference length x0 will be given in 
the specific simulation. Here we define the dimensionless Debye length λ̄ = λ/x0. Accordingly, the dimensionless electron 
plasma frequency ω̄p = ωpt0 = 1/λ̄. In the rest of paper, all variables are dimensionless unless stated otherwise, but we will 
drop the bar over the variables for simplicity. Then the dimensionless VP system (1) and (2) can be written as

∂t f s + v s · ∇x f s + qs

ms
E · ∇v s f s = 0, (6)

−2λ2�φ = ni − ne, ns =
∫

f sdvs, (7)

and the normalized nonlinear Poisson equation (4) is,

−2λ2�φ = ni − exp

(
φ − φ0

Te

)
, ni =

∫
f idvi . (8)

Although the code allows arbitrary species, the single-charged ion (s = i) or electron (s = e) is considered in this paper. 
As a result, one can obtain qe = −1, qi = 1 from Eqs. (6). For direct kinetic method, the key is to obtain the distribution 
function f s . Once the distribution function f s is known, the conservative variables W s for species s can be obtained by

W s = (ns,nsus, Eks)
T =

∫
ψ s f sdvs, (9)

where ψ s = (1, v s, |v s|2/2)T is the collision invariant, us is the macroscopic velocity and Eks is the kinetic energy.
In the following section, we aim to propose a novel noiseless plasma kinetic solver for plasma-material interactions 

based on structured interface-independent meshes.
3
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Fig. 1. A sketch of the domain for the interface problem.

3. Numerical methods

In this section, we will present a novel noiseless kinetic plasma solver, termed IFE-CSL, for the complex plasma surface 
interaction based on structured interface-independent meshes. The major steps of the proposed method include the IFE 
solver for field equation, the CSL and HWGC scheme for Vlasov equation, as well as the integration of two solvers.

In order to solve the multi-dimensional VP system, we firstly split Vlasov Eq. (1) as follows,

∂t f s + v s · ∇x f s = 0, (10)

∂t f s + qs

ms
E · ∇v s f s = 0. (11)

It is well known that Eq. (1) can be achieved second order in time by solving Eq. (10) for a half time step, then solving 
Eq. (11) for a whole time step, followed by solving Eq. (10) for a second half time step, i.e., the Strang splitting. Specifically, 
the numerical update from f k

s (x, v) (the solution at tk = k�t) to f k+1
s (x, v) can be written in the form [46],

f ∗
s (x, v) = f k

s (x − v�t/2, v) , (12)

f ∗∗
s (x, v) = f ∗

s

(
x, v − qs

ms
E�t

)
, (13)

f k+1
s (x, v) = f ∗∗

s (x − v�t/2, v) . (14)

It should be noted that Eqs. (12) and (14) represent the plasma transportation in physical space, while Eq. (13) represents 
the plasma acceleration in velocity space. It should be noted that the transportation coefficient in both Eqs. (12), (13), (14)
are constant at each time step. As a result, Eqs. (12), (13), (14) can be further solved exactly by the single splitting operators 
in each dimension. Then the multi-dimensional Vlasov Eq. (1) is reduced to a succession of one-dimensional problem. This 
choice not only provides more alternative methods to solve the Eq. (1), but also makes the multi-dimensional simulation 
to be more practical [37]. Now, the key is to obtain the time evolution of the distribution function f k+1

s (x, v) and the 
electrostatic field E .

3.1. Immersed finite element method for the field equation

In this section, we present the immersed finite element (IFE) method [5] to solve the field equation to obtain the elec-
trostatic field E . The IFE method is the further extension of finite element (FE) method which utilizes the structured mesh 
independent of the interface to solve the partial differential equation with discontinuities in the coefficients. The IFE method 
includes interface elements whose interiors are cut through by the interface and non-interface elements that does not in-
volve the interface. Standard FE basis functions are used for non-interface elements, while special basis functions satisfying 
interface jump conditions are implemented for interface elements. As a result, the only difference between IFE and tradi-
tional FE is the choice of different basis functions on the interface elements, which leads to a convenient implementation of 
the IFE method based on FE method. Below we describe the IFE method for the Poisson equation.

As shown in Fig. 1, we assume that Ω ⊂ R2 is a rectangular domain. The IFE method uses meshes that are independent 
of the interface and allows the interface to pass through the element. A smooth interface curve Γ separates Ω into sub-
domains Ω− and Ω+ such that Ω = Ω+ ∪ Ω− ∪ Γ . Consider the following interface problem model:
4
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Fig. 2. Two typical interface elements.

−∇ · (ε∇φ) = ρ, (15)

where ρ is the charge density, and the material-dependent coefficient ε(x, y) is a piecewise constant function defined by

ε(x, y) =
{

ε−, (x, y) ∈ Ω−,

ε+, (x, y) ∈ Ω+.
(16)

Here we assume that the solution on ∂Ω satisfies the Dirichlet and Neumann boundary conditions,

φ|∂ΩD = gD , (17)

ε
∂φ

∂n

∣∣∣∣∂ΩN = gN , (18)

where ∂ΩD and ∂ΩN are Dirichlet and Neumann boundary conditions such that ∂Ω = ∂ΩD ∪ ∂ΩN . Besides, the electric 
field is discontinuous across the interface Γ with the following jump conditions:

[φ] |Γ = 0, (19)[
ε
∂φ

∂n

] ∣∣∣∣
Γ

= 0, (20)

where [φ] |Γ = (φ|Ω+ )Γ − (φ|Ω− )Γ is the jump of φ across Γ , and n is the unit normal vector of curve Γ pointing from 
Ω− to Ω+ .

Let Th be a family of rectangular meshes of the domain Ω . The sets of interface elements and non-interface elements are 
denoted by T i

h and T n
h . On the non-interface element T ∈ T n

h , the local finite element space is spanned by the four standard 
bilinear nodal basis functions ψi(x, y)(i = 1, 2, 3, 4). On the interface element T ∈ T i

h , as shown in Fig. 2, with vertices 
Ai(i = 1, 2, 3, 4) is intersected by curve Γ at two points denoted by D and E , and the line D E separates the element T into 
T + and T − . Then four piecewise 2D linear immersed finite element basis functions can be introduced in [47],

ψi =
{

ψ−
i (x, y) = a−

i x + b−
i y + c−

i + d−
i xy , (x, y) ∈ T −,

ψ+
i (x, y) = a+

i x + b+
i y + c+

i + d+
i xy , (x, y) ∈ T +,

(i = 1,2,3,4). (21)

To enclose Eq. (21), we consider the following constraints:
(1) Nodal value conditions

ψi(A j) =
{

1, if i = j,
0, if i �= j,

(i, j = 1,2,3,4); (22)

(2) The continuity at points D , E and D+E
2⎧⎨

⎩
ψ+

i (D) = ψ−
i (D),

ψ+
i (E) = ψ−

i (E),

ψ+
i ( D+E

2 ) = ψ−
i ( D+E

2 ),

(i = 1,2,3,4); (23)

where D+E is the middle point of the line D E .
2

5
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(3) Flux continuity on the line D E∫
D E

(
ε− ∂ψ−

i

∂nD E
− ε+ ∂ψ+

i

∂nD E

)
ds = 0, (i = 1,2,3,4), (24)

where nD E is the unit vector perpendicular to the line D E pointing from T − to T + . With Eqs. (22), (23), and (24), the IFE 
basis functions (21) can be uniquely determined. For simplicity of presentation, we omit the details.

For each element T ∈ Th , we define

Sh(T ) =
{

Snon
h (T ), if T is a non-interface element,

Sint
h (T ), if T is an interface element.

The local finite element space, Sh(T ), is defined in this study as either a regular (non-interface) space, denoted as Snon
h (T ), 

or an interface space, denoted as Sint
h (T ), depending on the characteristics of the element T .

Then let Nh = {Xi}N
i=1 denote the set of nodes in Th , where N is the total number of mesh nodes. Define ψi(X) (i =

1, ..., N) to be a piecewise bilinear function on Ω such that

ψi
∣∣T ∈ Sh(T ), ∀T ∈ Th and ψi(X j) = δi j, ∀X j ∈ Nh.

Finally, the bilinear IFE space on the whole domain Ω becomes

Sh(Ω) = span{ψi(x), 1 ≤ i ≤ N}.
Once the basis function is determined, we could apply the Galerkin method for solving the interface model (15). Let 

H1(Ω) denote the regular Sobolev space and define H1
0(Ω) = {ψ : ψ ∈ H1(Ω), ψ = 0 on ∂Ω}. Besides, we use (·, ·) to 

denote L2 inner product on domain Ω and 〈·, ·〉 to denote L2 inner product on the boundary ∂Ω , e.g., (u, v) = ∫
Ω

u · vdΩ

and 〈u, v〉 = ∫
∂Ω

u · vds. Then the associated weak form of Eq. (15) can be written as the following system,

(∇φ,∇ψ) = (ρ,ψ) + 〈∇φ · n,ψ〉,∀ψ ∈ H1
0(Ω). (25)

Then we introduce finite dimensional subspace φh ⊂ H1() to discretize Eq. (25). Choosing the set of basis functions 
{
ψ j

}
span above subspace, we can then approximate the electric potential by

φh(x, y) =
N∑

j=1

φ jψ j(x, y). (26)

Plugging Eq. (26) into Eq. (25), we can obtain

M� = b + F , (27)

where the Poisson matrices M , source vector b and boundary vector F are defined as⎧⎪⎪⎨
⎪⎪⎩

M = [(
ψi,ψ j

)]
i, j=1,...,N ,

b = [(ρ,ψi)]i=1,...,N ,

F = [〈∇φ · n,ψi〉]i=1,...,N ,

� = [
φ j

]
j=1,...,N .

(28)

It should be noted that the produce, e.g., assembling Poisson matrices M , source vector b and boundary vector F , of IFE 
is same as that of FE, one can refer to [5,47] for more details. Since the information of object has been considered in the 
basis function (21) in IFE, we do not need to pay extra effort to handle the boundary condition for object interface Γ . To 
improve the efficiency of the IFE method, the Poisson matrices M in Eq. (27) is assembled with sparse storage technology. 
Then Eq. (27) becomes a sparse system, which is solved by GMRES iterative scheme [48] in this paper.

3.2. Conservative semi-Lagrangian scheme for the Vlasov equation

In this section, we present the conservative semi-Lagrangian scheme to solve the kinetic transportation equation 
Eqs. (12), (13), (14). Obviously, the Eqs. (12), (13) and (14) can be further written is a unified form,

∂t f s + ∂x (a fs) = 0, (29)

where a denotes as velocity v in Eqs. (12) and (14), or electrostatic force qs
ms

E in Eq. (13). Obviously, Eq. (29) is the linear 
hyperbolic equation, which allows for the implementation of the conservative scheme following the characteristics lines. 
6
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Here we employ the CSL scheme, a revised positive flux-conservative (PFC) scheme [35,37], which is briefly reviewed as 
follows:

Firstly, we introduce a set of mesh points 
{

xi+1/2
}

Ii
of the computational domain [xmin, xmax], where Ii = [xi−1/2, xi+1/2]

are uniform numerical cells with centers xi = (
xi−1/2 + xi+1/2

)
/2 and cell sizes �xi = xi+1/2 − xi−1/2. We use the 

f k
i = 1

�x

∫ xi+1/2
xi−1/2

f (x, tk)dx to denote the cell averages of the solution over cell Ii . Tracking characteristic lines of the cell 
[xi−1/2, xi+1/2] backward, we can find its upstream cell [xi−1/2 − a�t, xi+1/2 − a�t], which is denoted as [x∗

i−1/2
, x∗

i+1/2
]. 

Accordingly, we have

xi+1/2∫
xi−1/2

f (x, tk+1)dx =
x∗

i+1/2∫
x∗

i−1/2

f (x, tk)dx ,

which can be further rewritten in the flux form,

f k+1
i = f k

i + Fi−1/2 − Fi+1/2 , (30)

where Fi−1/2 = 1
�x

∫ xi−1/2
xi−1/2−a�t f kdx and Fi+1/2 = 1

�x

∫ xi+1/2
xi+1/2−a�t f kdx.

Then we present the flux Fi+1/2 in the third order scheme in the case of ϕ < 1 and a > 0 [35],

Fi+1/2=
(

f k
i + 1

6
(2 − |ϕ|) (1 − |ϕ|)

(
f k

i+1 − f k
i

)
+ 1

6
(1 − |ϕ|) (1 + |ϕ|)

(
f k

i − f k
i−1

))
ϕ , (31)

where ϕ = a�t/�x is related to CFL condition. Note that the case of a ≤ 0 is mirror symmetric with respect to xi of the 
above procedure, and for ϕ ≥ 1, it can be handled with a whole grid shift followed by the cases of ϕ < 1.

To achieve high-order accuracy, we adopt a general high-order parametrized positivity-preserving (PP) limiter in [38], 
which is designed as modifying the high order numerical flux towards the first order monotone flux in the following way

F̂ i+1/2 = εi+1/2
(

Fi+1/2 − f i+1/2
) + f i+1/2 , (32)

where f i+1/2 = ϕ f k
i is the first order flux, and εi+1/2 ∈ [0, 1] is the positivity-preserving limiter to ensure the positivity of 

the function f k+1
i in Eq. (30). We denote di±1/2 = Fi±1/2 − f i±1/2 and pi = di−1/2 − di+1/2 − δk

i , the εi+1/2 can be given by 
the following formulas [37,38],

εl
i =

⎧⎨
⎩

min
(
1, δk

i

/
di−1/2

)
, di−1/2 < 0 and di+1/2 ≤ 0,

δk
i

/(
di−1/2 − di+1/2

)
, di−1/2di+1/2 < 0 and pi < 0,

1, else,

εr
i =

⎧⎨
⎩

min
(
1,−δk

i

/
di+1/2

)
, di−1/2 ≥ 0 and di+1/2 > 0,

δk
i

/(
di−1/2 − di+1/2

)
, di−1/2di+1/2 < 0 and pi < 0,

1, else,

where εi+1/2 = min
(
εr

i , ε
l
i+1

)
.

Finally, we employ the modified flux F̂ i±1/2 to replace the flux Fi±1/2 in Eq. (30) to evolve the function f k+1
i ,

f k+1
i = f k

i + F̂ i−1/2 − F̂ i+1/2 . (33)

The using of third PFC scheme [35] and the general high order PP limiter [38] make the current CSL scheme exactly preserve 
mass and positivity of the distribution function with third spatial accuracy [37], when periodic boundary conditions are 
applied.

To conveniently and efficiently describe the evolution of particles dynamic around the plasma-material interface, we 
apply the half-way ghost-cell (HWGC) method [44] to CSL within the Cartesian mesh. As shown in Fig. 3, we divide all 
Cartesian cells in the computational area into three types: solid cells, fluid cells and ghost cells. Among them, the solid 
and the fluid cell denote the solid material and plasma, respectively. The solid cell has at least one link intersected by the 
interface is further transformed to be the ghost cell, which denotes plasma-material interactions. For the sake of simplicity, 
the physical interactions are approximated by the middle of the mesh between the ghost and fluid cells.

Taking ghost cell center G in Fig. 3 for example, one needs the distribution function f s(xIn , v, t) at intersection nodes 
(I1, I2) to obtain the distribution function f s(xG , v, t) at G . The information of outflow at intersection nodes (I1, I2) can be 
extrapolated from the neighboring fluid cells,

f s(xIn , v, t) = 1.5 f s(xFn,1 , v, t) − 0.5 f s(xFn,2 , v, t), v · n < 0, (34)
7
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Fig. 3. Schematic of the HWGC method. Point G is the center of a ghost cell. I1 and I2 are artificially reset at the middle of the mesh. F1,1 and F2,1

are the neighboring fluid cell centers, which is in mirror symmetry with G regarding to the computational boundary. F1,2 and F2,2 are two further fluid 
cell centers along the grids. The black solid lines and yellow dot lines between the ghost and fluid cell center are physical boundary and computational 
boundary, respectively.

where n is the normal vector of the physical boundary. As for the inflow at intersections, the zero-inflow boundary condi-
tions are employed in this paper,

f s(xIn , v, t) = 0, v · n > 0. (35)

Equation (35) is reasonable because the object (a conductor) completely absorbs the particles, resulting in no reflection of 
particles back into the system.

Then, the distribution functions at the ghost G can be obtained by extrapolation from points In and Fn,1 as

f s(xG , v, t) = 1

Ng

Ng∑
n=1

[2 f s(xIn , v, t) − f s(xFn,1 , v, t)], (36)

where Ng is total intersections around ghost G .

3.3. Integration of IFE and CSL

In this section, we will introduce how to integrate the IFE and CSL methods into a unified system. The CSL scheme 
provides the charge density ρ to the IFE method to form the right hand side vector b of the linear or nonlinear system 
Eq. (27) in IFE, while the IFE method accurately solving the interface problems on Cartesian meshes provides the electrostatic 
field E in Eq. (13) for CSL to accelerate the plasma. It should be noted that the object information is critical to both IFE 
and CSL because the intersection points between the mesh lines and object surfaces are the key to define the IFE basis 
functions (see Section 3.1) and the plasma hitting an object need to be appropriately handled in CSL (see HWGC method in 
Section 3.2).

On the one hand, in order for using the IFE method to solve the interface Poisson’s equation (15) for the electrostatic 
potential φ, the electric charge density ρ in Eq. (15) needs to be provided by the CSL scheme. For the full kinetic model, 
i.e., both ion and electron dynamics are described by the CSL scheme, Eq. (15) is just the linear equation (2). Then we can 
obtain the charge density ρ by taking the moment of distribution function,

ρ =
∫

qfidv i −
∫

qfedve. (37)

Obviously, now Eq. (27) is a linear system, which can be directly solved by the GMRES algorithm. However, for the hybrid 
kinetic model, i.e., the Boltzmann approximation Eq. (3) is used for describing electron dynamic, Eq. (15) becomes the 
nonlinear equation (4). Then the charge density ρ is obtained by

ρ =
∫

qfidv i − qn0 exp

(
q(φ − φ0)

kB Te

)
. (38)

The electric potential φ on the right hand side of Eq. (38) makes Eq. (27) become a nonlinear system, which can be written 
in the following form,
8
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M� = b0 + bx(�) + F , (39)

where b = b0 + bx(�), b0 = [(∫
qfidv i,ψi

)]
i=1,...,N , and bx =

[(
−qn0 exp

(
q(φ−φ0)

kB Te

)
,ψi

)]
i=1,...,N

. In current paper, we use 
Newton’s method to solve the nonlinear system (39),{

�k+1 = �k − J−1 R(�k),

R(�) = M� − (b0 + bx(�)),
(40)

where J = ∂ R
∂� is the Jacobian matrix. In the practical computation, we firstly solve the system J y = R(�) in the k-th 

iteration step, then update the solution as �k+1 = �k − y. The iteration for solving Eq. (40) is ceaselessly repeated unless 
the L2 norm of y is smaller than 10−8.

On the other hand, the IFE solution of the electrostatic potential φ is utilized to compute the electric field E which 
needs to be evaluated at each cell center in CSL for accelerating plasma. The electric field E can be easily obtained from the 
electric potential φ by

E(x, y) = −∇φ(x, y). (41)

To more accurately obtain the electric field at the interface, thanks to the basis function used in the IFE methods, we could 
apply the following equation to approximate the electric potential at point (x, y) in an element T ,

φT (x, y) =
4∑

i=1

φiψi,T (x, y), (42)

where φi are the IFE solution of the potential at the four vertices of element T , while ψi,T are the local IFE basis functions. 
Plugging Eq. (42) into Eq. (41), we can obtain the electric field as follows,

Ex(x, y) = −
4∑

i=1

φi
∂ψi,T (x, y)

∂x
, E y(x, y) = −

4∑
i=1

φi
∂ψi,T (x, y)

∂ y
. (43)

It should be noted that Eq. (43) is equivalent to the traditional Finite Difference (FD) discretization of Eq. (41) in the non-
interface element. However, Eq. (43) is more accurate than FD discretization in the interface element where the internal and 
external potential of objects are discontinuous [10].

Finally, we explain how the numerical time step is determined for the proposed IFE-CSL. In the traditional explicit 
Eulerian scheme, the numerical time step is subject to the Courant-Friedrichs-Lewy (CFL) restriction and is calculated as 
�t = min(�tx, �tv). Here �tx = C�xmin/|v|max, and �tv = C�vmin/|E|max are the time steps associated with the trans-
portation velocity v in Eq. (10) and the electrostatic field E in Eq. (11). The parameters 0 < C < 1, |v|max, and |E|max
represent the CFL number, maximum transportation velocity, and maximum electrostatic field, respectively. Additionally, 
�xmin and �vmin denote the minimum physical grid spacing and velocity grid spacing, respectively.

Thanks to the use of CSL, the numerical time step in proposed IFE-CSL is not limited by the CFL restriction mentioned 
above. However, to simplify the implementation of the general boundary conditions in the physics space [Eq. (10)], we use 
the time step �t = �tx in all kinetic simulations, ensuring that particles do not travel more than one grid cell during the 
interactions of plasma and material. Note homogeneous Dirichlet or periodic boundary conditions generally used in the 
velocity space [Eq. (11)] allow for easy handling in CSL. Therefore, IFE-CSL still preserves the advantages of CSL, as �t is 
not restricted by �tv . This is particularly beneficial in plasma simulations involving large electric forces or fine grids in the 
velocity space [33].

3.4. Algorithm

To provide a clearer understanding of the proposed IFE-CSL, here we present its evolution procedure. Starting from initial 
distribution function f k

s and specific input geometric information, the evolution procedure of proposed method from tk to 
tk+1 can be described as follows:

(1) Calculate function f ∗
s from f k

s by solving Eq. (12) with Lie Splitting in physical space for �t/2.
(a) Compute the third order physical flux according to Eq. (31) in each physical direction;
(b) Correct the physical flux with parametrized PP limiter by Eq. (32) in each physical direction;
(c) Obtain function f ∗

s Eq. (33) in each physical direction.
(2) Calculate charge density ρ by solving Eq. (37) for linear system (2) or Eq. (38) for nonlinear system (4).
(3) Compute electric potential φ by solving Eq. (27) for linear system (2) or Eq. (39) for nonlinear system (4).
(4) Calculate the electric field E according to Eq. (43).
(5) Update f ∗∗

s by solving Eq. (13) with Lie Splitting in velocity space for �t .
(6) Update f k+1

s by solving Eq. (14) with Lie Splitting in physical space for �t/2.
9
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Fig. 4. The contour of electric potential with Nx = 128, where the black dashed lines and the white solid lines denote the theoretical and numerical results, 
respectively. The red circular curve represents the interface.

It should be noted that the process of step (5) and (6) in each dimension is similar to that of step (1), which are omitted 
for simplicity of presentation. Besides, in each iteration of whole system, the process of step (2) and (3) for nonlinear system 
(4) is ceaselessly repeated unless the criterion of Newton iteration is satisfied.

4. Numerical experiments

In this section, four numerical experiments, including the elliptic interface problem, classical plasma sheath, the sheath 
with rough wall, and plasma past a charged cylinder are implemented to validate the proposed IFE-CSL. The first one is 
two-dimensional in physical space, while the others are two-dimensional in both physical space and velocity space. Fully 
kinetic simulation governed by Eqs. (1) and (2) is implemented in the two plasma sheath problems, while the hybrid kinetic 
simulation governed by Eqs. (1) and (4) is used in the last numerical experiment.

4.1. Elliptic interface problem

In this section, a two-dimensional elliptic interface problem with homogeneous jump conditions is presented to validate 
the accuracy of the IFE method. More specifically, we assume that the computational domain is a rectangular area Ω =
[−1, 1] × [−1, 1], where a circular interface is located in the center. Then, the analytic solution of the potential can be 
constructed as [10]:{

φ−(x, y) = 1
ε− ex2+y2 + ( 1

ε+ − 1
ε− )er2

0 , if r ≤ r0,

φ+(x, y) = 1
ε+ ex2+y2

, if r > r0,

where r0 = π/6.28 is the radius of the circle, ε− = 1, ε+ = 10, and r = √
x2 + y2. The electric charge density ρ can be 

obtained from Eq. (15),

ρ(x, y) = −4(1 + x2 + y2)ex2+y2
.

Besides, in all the four boundaries on ∂Ω the Dirichlet boundary conditions are implemented,

gD(x, y) = 1

ε+ ex2+y2
.

In our simulation, a moderate physical grid Nx = N y = 128 is used to demonstrate the good performance of the IFE 
method on handling the interface problem. Fig. 4 shows the contour of the electric potential φ predicted by the IFE, together 
with the analytic solution φa; the numerical result predicted by IFE agrees well with the analytic solution even though the 
moderate physical grid is used. Then we test the spatial accuracy of the IFE. Table 1 shows the L2 and H1 errors and 
convergence order of IFE with different physical grids Nx . Clearly, the results show that the L2 norm error has a second-
order convergence rate, and the H1 norm error has a first-order convergence rate, which are consistent with the expected 
optimal convergence rate of IFE.

The above arguments indicate that the IFE has higher accuracy and better convergence order in solving the elliptic 
interface problem. In addition, all the simulations presented in this section utilize sparse matrix storage, which makes the 
proposed IFE more practical in multidimensional simulations.
10
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Table 1
L2 and H1 errors and convergence orders of IFE for the 
elliptic interface problem.

Nx ‖φ − φa‖0 Order ‖φ − φa‖1 Order

32 2.2623E-3 1.9957 9.1382E-2 0.9732
64 5.3492E-4 2.0804 4.5393E-2 1.0094
128 1.2608E-4 2.0849 2.3029E-2 0.9790
256 3.3454E-5 1.9141 1.2685E-2 0.8603

4.2. Plasma sheath

Now the IFE-CSL is applied to study the direct current sheath at a plasma-wall transition with the straight smooth wall, 
where an analytical solution can be obtained. Specifically, the classical direct current sheath of a material with floating 
potential is investigated.

In the domain [0, Lx] × [0, L y], the sheath edge is set to be at y = L y and the wall is at y = 0, while the edge x = 0
and x = Lx are periodic. Here we set the potential at the sheath edge to be zero, and consider the positive sheath φ(x, y) <
φ(x, y = L y) = 0 for Te � Ti . The initial velocity distribution function (VDF) of electron follows,

fe(x, y, vx, v y) =
⎧⎨
⎩

ninme
2πkB Te

exp

(
−me(v2

x+v2
y)

2kB Te
+ qφ

kB Te

)
, v y ≤ vce,

0, v y > vce,

(44)

where vce = √
2q(φ − φw)/me is the cutoff velocity of the truncated electrons due to the potential drop in the sheath at y

direction, nin is the inject density number and φw is the wall potential at y = 0. The VDF of ion follows,

f i(x, y, vx, v y) =
{

ninmi
2πkB Ti

exp
(
− mi

2kB Ti

(√
v2

y + 2qφ
mi

− u0

)2 − mi v2
x

2kB Ti

)
, v y ≤ vci,

0, v y > vci,
(45)

where vci = −√
2q|φ|/mi , and u0 = √

kB Te/mi is the Bohm velocity.
For |qφw |/kB Te � 1, taking the zero moment of the Eq. (44), the electron density can be described as,

ne = nin exp

(
qφ

kB Te

)
. (46)

For the ion density with very low temperature, considering the law of energy conservation [33], the ion density can be 
approximated by,

ni = nin

(
1 + 2qφ

miu2
0

)− 1
2

. (47)

Obviously, the quasi-neutral assumption (ne = ni ) holds true at the sheath edge y = L y . Besides, consider the flux balance 
(niw uiw = new uew ), where niw and uiw as well as new and uew are the number density and macro velocity for ions and 
electrons at y = L y , then the expected wall potential φw should be,

φw = −kB Te

q
ln

√
mi

2πme
. (48)

Similar with other kinetic simulations for plasma sheath [49,50], the inject number density is set to be nin = 1014 m−3, 
and the electron temperature is Te = 1 ev. The sheath width is set to be Lx = L y = 20λ, where λ is the electron Debye 
length. The ions with temperature Ti = Te/Tr are assumed to be hydrogen molecule, i.e., mi = 2mrme , where mr = 1836
and Tr = 10 are mass ratio and temperature of the proton and electron respectively. Initially, electrons and ions follow the 
Eq. (44) and Eq. (45) with φ(x, y) = 0 in the whole domain. The periodic boundary conditions are imposed on x = 0 and 
x = Lx for both kinetic equation and field equation. Besides, the inject boundary, i.e., Eq. (44) for electron and Eq. (45) for 
ion, and zero-inflow boundary condition [33,51] are imposed on y = L y and y = 0 for kinetic equation, respectively, while 
the Dirichlet boundary [φ(x, y = Ly) = 0] and Neumann boundary [∂φ(x, y = 0)/∂ y) = −E w ] are imposed on y = L y and 
y = 0 for field equation, respectively. Here E w is the electric field at the wall, which can be determined by the charge 
accumulated by the ion and electron flux, i.e., E w = q

ε

∫ t′=t
t′=0 niw uiw − new uewdt′ .

In our simulation, the reference length, mass, density and temperature are set to be x0 = Lx , m0 = mi , n0 = nin , T0 =
Ti , respectively. The discrete velocity space is set to be [−4vr , 4vr] × [−5vr, 5vr] for electrons and [−4, 4] × [−8, 1] for 
ions, where vr = √

2mr Tr is the thermal velocity ratio of electrons and ions. The whole phase space is discretized with 
N = Nx × N y × Nvx × Nv y , where the electrons and ions share the same physic grids with Nx × N y = 10 × 125, the same 
11
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Fig. 5. Plasma sheath, phase-space plot of distribution function f of the electron (a) and the ion (b).

Fig. 6. Plasma sheath, electric potential φ (a) and number density n (b) at x = Lx/2 against physics space y. Note ne and ni are numerical electron and ion 
number density predicted by IFE-CSL, while nea and nia are theoretical solutions provided by Eq. (46) and Eq. (47).

velocity grids with Nvx × Nv y = 30 × 110, and the same time step with CFL number C = 0.95. Here we run this problem up 
to t = 0.6, i.e., w pit = 12, where w pi is the ion plasma frequency.

Fig. 5 shows the phase space plot of the VDF of electrons and ions. Given the periodic boundary conditions are imposed 
on the x direction, only VDF at x = Lx/2 and vx = 0 are presented for brevity. The warm electrons drop in the sheath due 
to the escape of fast electrons to the wall, while the cold ions become narrower due to the acceleration of the electric 
field. As shown in Fig. 5 (a), the VDF of electrons drops fast near the wall. Besides, the truncation of the VDF due to the 
potential barrier also can be seen. Although the truncation is slight, the velocity of electrons increases significantly due to 
fast thermal velocity. The acceleration of ions can be clearly seen in Fig. 5 (b), e.g., the velocity at sheath edge y = L y is 
−2.23, while the velocity at wall y = 0 is −6.08.

Fig. 6 shows the electric potential φ and number density n for plasma sheath. The steady electric potential can be clearly 
seen in Fig. 6 (a). Given the similar structure in the x direction, here we only present the electric potential at x = Lx/2
against the physic space y. Encouragingly, the numerical potential at the wall predicted by IFE-CSL agrees well with the 
theoretical prediction in Eq. (48) normalized by φ0 = 2kB Ti/q. Besides, as shown in Fig. 6 (b), the numerical number density 
predicted by IFE-CSL are consistent with the theoretical solutions.

The above arguments indicate the IFE-CSL presents reliable solutions for plasma sheath. It should be noted that all results 
in this section are not time-averaged, in contrast to the PIC method which averages results to reduce noise, which can be 
seen as the present IFE-CSL is free from statistical noise.
12
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Fig. 7. Schematic of the computational domain for plasma sheath with rough wall.

Fig. 8. Plasma sheath with rough wall, contours of the electron density for half-circle wave (a) and triangular wave (b).

4.3. Plasma sheath with rough wall

The previous section presents the classical plasma sheath on the smooth wall. However, the wall shapes might be com-
plex geometry in the plasma engineering. In this section, the plasma sheath with two different wall shapes is presented 
to investigate the performance of IFE-CSL for plasma-material interactions on the complex interface, where both ion and 
electron dynamics are considered.

The simulation settings, in terms of the geometry, plasma parameters, initial and boundary condition, and reference 
system, in this section are same as that of section 4.2 unless otherwise stated, except the geometry of sheath wall. The wall 
shapes include triangular wave and half-circle wave, which mimic the periodic imperfections created by anomalous erosion 
[52]. Fig. 7 shows the size of the two different walls, which has been normalized by reference length Lx . On the wall, 
the Dirichlet boundary, φ = −20φ0, is imposed for field equation, while the zero-inflow condition is imposed for kinetic 
equation.

In our simulation, the discrete velocity space is set to be [−4vr , 4vr] ×[−5vr, 5vr] for electrons and [−4, 4] ×[−8, 1] for 
ions, where vr = √

2mr Tr is the thermal velocity ratio of electrons and ions, mr = 1836 and Tr = 10. The whole phase space 
for both ions and electrons is discretized with N = Nx × N y × Nvx × Nv y , where Nx × N y = 50 ×100 and Nvx × Nv y = 50 ×50. 
The CFL number is set to be C = 0.95.

Fig. 8 shows the contours of the electron number density for two different walls. The similar behavior for the half-circle 
wave and triangle wave can be observed: a reduced electron number density with the periodical structure is formed around 
the wall, while the electron number density almost the same as those of the inject boundary exists in the main domain 
(from y = 0.4 to y = 1).

However, there are still slight deviations between the two waves, which can be more clearly seen in the charge density 
shown in Fig. 9. The different sheath structure for two walls can be clearly seen in the non-neutral regime (from y = 0
to y = 0.3). Besides, the charge density of the triangle wave is higher than that of the half-curve wave, especially at the 
interactions of the wall and plasma flow. It also can be seen that the width of the sheath in the half-curve is slight wider 
than that of the triangle wave.

To more clearly show the performance of the proposed IFE-CSL, in Fig. 10 we present the contours of the electric 
potential for the two walls. The continuous electric potential is obtained in the whole domain for the two cases, even in 
13
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Fig. 9. Plasma sheath with rough wall, contours of the charge density for half-circle wave (a) and triangular wave (b).

Fig. 10. Plasma sheath with rough wall, contours of the electric potential for half-circle wave (a) and triangular wave (b).

the surface of the plasma-material interaction. Especially, the interfaces of the numerical electric potential between plasma 
and the wall are consistent with expected interactions.

The above arguments indicate proposed IFE-CSL accurately predicts the interaction between ions, electrons dynamics 
and complex walls. The use of HWGC for plasma hitting the object and the IFE method for the linear Poisson equation 
makes the proposed IFE-CSL to be accurate for the complex plasma-material interaction even with moderately structured 
interface-independent meshes.

4.4. Plasma past a charged cylinder

In some applications, i.e., solar wind [53] and plasma expansion [20], one mainly focuses on the physics driven by the 
ion dynamics, a common approach has been to consider the electrons as an equilibrium massless fluid. This simplification 
leads to significant savings in computational time. In this section, plasma past a charged cylinder, which could represent 
a miniature Langmuir probe or a solar sail interacting with solar wind, is presented to investigate the performance of IFE-
CSL for plasma-material interactions. Here the electrons follow the Boltzmann relationship and thus the nonlinear Poisson 
equation (4) is utilized. Besides, the IFE-PIC results are chosen as benchmark solutions.

Initially, there are no ions in the domain [0, Lx] × [0, L y], where Lx = 0.4 m and L y = 0.2 m. As shown in Fig. 11, a 
circle object with potential φw = −20 V is immersed in the domain, where the circle center is (x, y) = (0.375, 0)Lx and 
the radius is R = 0.125Lx . Note here half of the total system is simulated to reduce the computational time. Thus, the 
symmetry condition is imposed on y = 0. Ions are assumed to be hydrogen molecule and enter the domain at x = 0 with 
Maxwellian distribution, where the ions number density nin = 1010 m−3, temperature T in = 0.15 ev and the drift velocity 
ux,in = 7000 m/s. As for the kinetic equation, the reflective boundary conditions are imposed on y = 0 and y = L y , while 
the zero-inflow boundary condition is imposed on x = Lx . As for the field equation, the Dirichlet boundary φ = 0 is applied 
14
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Fig. 11. Schematic of the computational domain normalized by Lx and boundary conditions.

Fig. 12. Contours of the electrostatic potential (a) and the electric field Ex (b).

to x = 0, while the zero Neumann boundary ∇φ = 0 is applied to both x = Lx , y = 0 and y = L y . Besides, the reference 
number density and temperature for electrons with Boltzmann approximation are 1010 m−3 and 1.5 ev.

In our simulation, the reference length, mass, density and temperature are set to be x0 = Lx , m0 = mi , n0 = nin , T0 = T in, 
respectively. The whole phase space is discretized with N = Nx × N y × Nvx × Nv y , where the physic grids Nx × N y = 160 ×50
and the velocity grids Nvx × Nv y = 120 × 50. The velocity space is set to be [−5, 15] × [−7, 7]. Besides, the CFL number is 
set to be C = 0.5. Here we run this problem up to t = 0.6, i.e., w pit = 12.

Fig. 12 shows the contours of the electric potential φ and electric field Ex predicted by IFE-PIC (bottom) and proposed 
IFE-CSL (top) respectively. Here the object is modeled as a conductor held at a fixed potential by some virtual power supply. 
Note the conductor is included in the IFE-CSL with a high permittivity. As shown in Fig. 12 (a), a lens configuration, which 
is expected to focus ions into a region beyond the object, is formed around the object. Clearly, the electric potential and 
electric field predicted by IFE-CSL agrees well with IFE-PIC solution.

The more consistent details can be seen in Fig. 13, where the profiles of electric potential φ and field Ex at y = 0 and 
y = 0.5 are presented. As shown in Fig. 13 (a), at y = 0, the potential almost linearly decreases from 0 to φw in front 
of the object, while slightly increases behind the object. The sharp transition of the potential leads to the strong electric 
field Ex at x = 0.25 and x = 0.5 shown in Fig. 13 (b), while the potential and electric field at y = 0.5 decrease moderately. 
Encouragingly, the profiles of electric potential and field predicted by IFE-CSL also agree well with IFE-PIC solution.

However, there are still several disparities between IFE-PIC and current IFE-CSL, which can be seen in the ion number 
density in Fig. 14. When the ion stream flows around the negatively charged object which acts as a particle sink, the well-
known ion focusing effect, plasma wake, forms behind the object. As shown in the figure, a high density region forms 
downstream the object because of the lensing effect seen in Fig. 12 (a). The inherent noise of IFE-PIC, especially in the low 
density region, is clearly apparent due to random process and particle effect, while the proposed IFE-CSL as a deterministic 
method is free from the noise. Although the numerical noise in IFE-PIC can be reduced by averaging the results over a large 
number of time steps, this strategy is ideally suited to steady flow.
15



H. Liu, M. Chen, X. Cai et al. Journal of Computational Physics 488 (2023) 112232
Fig. 13. The plasma electric potential φ (a) and electric field Ex (b) at y = 0 against the physical space x.

Fig. 14. Contours of the plasma number density.

The above arguments indicate that the proposed IFE-CSL based on the hybrid kinetic model actually captures the in-
teractions of the ion dynamic and complex conductor. Besides, the statistical noise in particle-based methods is essentially 
eliminated in proposed IFE-CSL, making it useful for investigating small-scale physics and unsteady plasma dynamics in-
volving a small perturbation amplitude and high energy tail.

5. Conclusions

In this paper, coupling the immersed finite element (IFE) method and conservative semi-Lagrangian scheme (CSL) via the 
charge density based on full kinetic or hybrid kinetic model, we present a noiseless plasma kinetic solver, termed IFE-CSL, 
for plasma-material interactions. The proposed IFE-CSL enables handling complex interface problems on a Cartesian mesh 
independent of the interface. The classical plasma sheath is carried out to validate the current IFE-CSL, where numerical 
results agree well with the analytic solution. Applications of IFE-CSL to plasma sheath with rough wall and plasma past 
a charged cylinder are also presented to show the capability of IFE-CSL for practical problems of science and engineering 
interest. Numerical results show that IFE-CSL is free from noise and can accurately capture the interactions of the plasma 
dynamic and irregular objects based on Cartesian meshes. For these reasons, we expect that the proposed IFE-CSL would be 
a promising tool for small-scale physics and unsteady plasma dynamics involving complex interface conditions.

Note that current IFE-CSL only requires the interface information and gets rid of regenerating repeatedly the mesh. 
Therefore, the IFE-CSL can be naturally extended for the plasma simulations involving moving objects as an interesting 
future work, although the current work mainly presents the results of dielectric objects immersed in a stationary plasma. 
Besides, further development of current IFE-CSL for electromagnetic plasma simulations will be presented in our future 
work.
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